An x-ray crystallographic refinement method, referred to as the normal mode refinement, is proposed. The Debye-Waller factor is expanded in terms of the effective normal modes whose amplitudes and eigenvectors are experimentally determined by the crystallographic refinement. In contrast to the conventional method, the atomic motions are treated generally as anisotropic and concerted. This method is assessed by using the simulated x-ray data given by a Monte Carlo simulation of human lysozyme. In this article, we refine the dynamic structure by fixing the average static structure to exact coordinates. It is found that the normal mode refinement, using a smaller number of variables, gives a better R factor and more information on the dynamics (anisotropy and collectivity in the motion).
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h where h = (h, k, I) refers to reciprocal-lattice points of the crystal and IFobsI and IFcalI denote the observed and calculated structure factor amplitudes, respectively. By assuming no correlations in the atomic motions belonging to different unit cells of the crystal, Fcal has the expression Fcal(h) = Xf/h)exp(2nrth.(rj))(exp(27rtihArj)), [3] where fj is the atomic structure factor usually given by four Gaussian functions and (rj) is the average coordinate. The dynamic part of the structure factor (exp(2mh-Arj) is referred to as the Debye-Waller factor and is usually approximated by the isotropic temperature factor in the form of (exp (2'1TihArj) -exp[ -B1{IhI/2)2]. [4] The approximation of Eq. 4 is based on the assumption that the atomic motion is (a) harmonic and (b) isotropic. In the refinement procedure, isotropic temperature factors Bj are treated as independent variables.A This means that the atomic motions are (c) independent of each other. When describing the dynamic structure of real proteins, however, these approximations, especially that of isotropic motion, could be a serious limitation in improving the refinement (4) . The number of observable experimental data IFobsI is not large enough for adopting the anisotropic temperature factor, which requires six times more parameters in Fcg than the number required in the isotropic case.
In the conventional refinement methods for determining the average static structure, a model of the atomic structure such as stereochemical knowledge (3) [5] The coefficients ujkm express a pattern of a collective motion of atoms in the mth normal mode. They are calculated theoretically from a Hessian matrix of the conformational energy at a minimum energy structure by using the formulation of the eigenvalue equation described below. They are orthonormalized as follows:
if m # n. [6] Here mj is the mass of the jth atom. Below we describe a formulation by which coefficients vjkm and the variance are determined experimentally in the process of x-ray crystallographic refinement.
In terms of the effective normal mode variables, the Debye-Waller factor is given (instead of by Eq. 4, which is used in the conventional method) by [8] where hk and h, are the kth and lth components of h, respectively. To derive this expression, we made the assumption of harmonicity of the atomic motion as is assumed in Eq. 4 . However, unlike in Eq. 4, atomic motions are treated here generally as anisotropic and concerted. We call this expression the "normal mode Debye-Waller factor" and the refinement based on this expression the "normal mode refinement."
Both the effective coefficients vjkm and the theoretical coefficients ujkm satisfy the same orthonormalization condition of Eq. 6, so that they should be related by an orthogonal transformation: Vjkm = .UjknPnm, n [9] where Pnm is an element of the orthogonal transformation matrix. Because vjkm should be similar to ujkm, we can use the latter as an initial guess of the former. By substituting Eq. 9 into Eq. 8, we have the following equation:
(k, I = 1, 2, or 3), [10] where (crm(Jn) = EPmppnp(Tp) [11] p In the process of the normal mode refinement, the variances and covariances of the normal mode variables (Tmon) in Eq. 10 are treated as parameters to be optimized in the residual of Eq. 2. It is noted from Eq. 11 that p,,,p and (Tp) are the eigenvectors and eigenvalues of the matrix whose elements are (oCm0fn). Since the variances of the effective normal modes (Tr) are greater than or equal to zero, the matrix of (o-moTn) should be positive semidefinite.
It is noted that the effective normal modes depend on the temperature at which the experiment is done because they are determined by the experiment. In this context, the method of the effective normal modes can be called one of quasi-harmonic models (14, 15) .
As the first stages of developing the dynamic structure refinement technique, we assess the normal mode refinement method with simulated x-ray data. The simulation is free from errors due to lattice disorder and diffusion so that one can focus on the errors in the refinement due solely to the internal atomic fluctuation. (19) . Here the distance information from the x-ray structure is used as a restraint to avoid a large deformation by the energy minimization in vacuo. The root-mean-square displacement of the nonhydrogen atoms in the starting structure from the x-ray structure is 1.25 A.
Two thousand structures are sampled at every 100 steps from the records ofthe 10,000th step to the 210,000th step and are used to generate the diffraction data. Corresponding to Eq. 3, IFobsI is given by IFobs(h)I = |(>fh)exp(27Tih * rj) , [12] where ( ) denotes the average over the 2000 sampled structures that are superposed to the x-ray structure and the sum is taken over all nonhydrogen atoms of four molecules in a unit cell generated by a symmetric operation of the space group P212121. This averaging is done in the reciprocal space. The average structure is regularized as also done in the preparation of the initial structure for the simulation. This is necessary because the averaged structure does not necessarily keep the standard bond lengths and bond angles. (c) The conformational energy of the regularized structure is minimized to obtain a minimum energy structure whose Hessian matrix of conformational energy is positive definite. As in the isotropic B factor model, the exact values of (rjkrjl) (k, I = 1, 2, or 3) obtained from the record of the simulation were used to calculate the anisotropic B values. o, Initial value of the R factor, when the theoretically calculated coefficients ujkm and variances were used in the normal mode Debye-Waller factor of Eq. 8. When the values of variances were allowed to change (but the coefficients ujkm were not allowed to change temporally in this article) so as to optimize the target function of Eq. 2, the R factors were improved (e).
The root-mean-square displacement of nonhydrogen atoms in the minimum energy structure from the average structure is 0.65 A. An analytical expression of the coefficient of this conversion has been given elsewhere (20) . These values of 2TVm and Ujkm are used as the initial guess in the refinement. Refinement of Dynamic Structure. Eq. 2 is minimized by the quasi-Newton method (DMING1 of FACOM Scientific Subroutine Library SSL II), which uses only the gradients of Eq. 2. In this refinement, the average coordinates are fixed to the exact values obtained from the Monte Carlo simulation, and the weighting factors w(h) in Eq. 2 are all set to unity. The extent of summation in Eq. 5 is taken over the normal modes with the M lowest frequencies, where the values of M examined are 771, 300, 100, and 10. In each case, there are M diagonal and M(M -1)/2 off-diagonal independent elements of the variance and covariance matrix that are to be treated as parameters of optimization of the target function. Whereas the original idea of the normal mode refinement was to use a relatively small value of M and both the diagonal and off-diagonal elements of the variance and covariance matrix in the optimization, in this article we will restrict ourselves to the use of only the diagonal elements. This means that, as to the coefficients, we will rely on the theoretically calculated ones (i.e., vjkm = Ujkm) and that we will determine only the The thin curve was calculated from the Monte Carlo simulation, and the thick one was calculated from the optimized value of the variance with M= 100. corresponding angular frequencies experimentally by the refinement. We will demonstrate that the normal mode refinement method is a powerful one, even in this restricted use. To clarify the characteristics of this method, the dependence of the results on different choices of the value of M, including a rather large one, is examined.
RESULTS AND DISCUSSION
The progress of the crystallographic refinement is usually assessed by the R factor: gives R = 13.59%. In the conventional method, the isotropic B factors of Eq. 4 are used, and therefore the number of variables for the dynamic structure is the same as the number of nonhydrogen atoms in lysozyme (i.e., M = 1029). If a 6 times larger number of adjustable parameters is used for the anisotropic B factors (i.e., M = 6174), R can be reduced to 6.45%, which gives the lowest limit of the R factor in the harmonic approximation. The initial values of the R factor, when the normal mode Debye-Waller factor of Eq. 8 with theoretically calculated coefficients and variances is used, are already quite reasonable. For M = 100, it is already close to 20% without using any adjustable parameters. When the values of variances are optimized, the R factors are significantly improved. They are 11.96% for M = 771, 12.78% for M = 300, 13.58% for M = 100, and 18.49% for M = 10. These values for M _ 100 are smaller than the best value that can be attained in the conventional refinement method. Biophysics: Kidera and G6
Proc. Natl. Acad. Sci. USA 87 (1990) fluctuation given by the simulation with those of the refinement. These improvements over the conventional refinement are due primarily to the inclusion of anisotropy in the DebyeWaller factor. The normal modes express the anisotropic motion correctly, even with a small number of parameters. Anisotropy of the ellipsoidal distribution of atomic motion shown in Fig. 3 indicates the importance of the anisotropic motion 'in the protein dynamics. Anisotropy in atom j is represented in the form of the axial ratio defined by 2 A1/(A2 + A3), where Al, A2, and A3 are the lengths of the first, the second, and the third principal axes, respectively, of the thermal ellipsoid calculated from the Monte Carlo simulation data and also by the effective mode variances. The real distribution is far from the isotropic value of 1.0. When averaged over all nonhydrogen atoms, the ratio from the record of simulation is 1.96 and that from the optimized variance is 1.77, a good agreement.
The collectivity in the atomic motion in a protein is reflected in the following covariance:
Cij-(Ari Ar) [16] Fig. 4 shows the covariances between two a-carbon atoms, one from the Monte Carlo simulation and the other from the optimized value of variance. The correlation coefficient between the two figures is 0.72. The important and functionrelated motion in lysozyme, the hinge-bending motion, which has the negative correlation in the motion between the residues around Ala-47 and those around Val-110, is also clearly given by the refinement model.
In conclusion, the normal mode refinement, using a smaller number of variables, is shown to give better a R factor and more information on the dynamics (anisotropy and collectivity in the motion).
Finally we refer to an application of the normal mode refinement to real diffraction data.This method is intended to replace the final stage of the refinement procedure, which uses independent temperature factors. The process of the normal mode refinement will be in three steps. (a) Minimization of the conformational energy of an average static structure (rj), which is given as a result of the preceding step using a uniform value for all temperature factors. (b) Normal mode analysis at the minimum energy conformation obtained after step a to give the theoretical normal mode frequencies
